Slow Dynamics of Non-Equilibrium Density Fluctuations

in Concentrated Hard-Sphere Suspensions!

M. Tokuyama,> Y. Enomoto,* and I. Oppenheim®

1 Paper presented at the Thirteenth Symposium on Thermophysical Properties,
June 22-27, 1997, Boulder, Colorado, U.S.A.

2 statistical Physics Division, Tohwa Institute for Science, Tohwa University,
Fukuoka 815, Japan.

3 Author to whom correspondence should be addressed.

4 Graduate School of Engineering, Nagoya Institute of Technology, Nagoya 466, Japan.

S Department of Chemistry, Massachusetts | nstitute of Technology,

Cambridge, MA 02139, U.SA.



ABSTRACT
The coupled diffusion equations recently proposed for concentrated hard-sphere
suspensions of interacting Brownian particles, the nonlinear deterministic diffusion

equation with the self-diffusion coefficient D¢(F (x,t)) for the average local volume
fraction F (x,t) and the linear stochastic diffusion equation with Dg(F (x,t)) for the

density fluctuations dn(x,t), are numerically solved under a spatially inhomogeneous,

nonequilibrium initia state. Thus, in a supercooled region where f | #f <f , the slow
evolution of the cluster-like glassy domains with F (x,t) $f ; and the slow relaxation of
the nonequilibrium density fluctuations are shown to be caused by the dynamic
singularity of the self-diffusion coefficient, Do(F (x,t)) - (1- F(x,t)/f g)z, wheref isa
particle volume fraction, fg:(4/3)3/(7ln3- 8In2+2) the colloidal glass transition

volume fraction, amg the crossover volume fraction.

KEY WORDS: crossover volume fraction; dynamic singularity; irregularly shaped
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1. INTRODUCTION
In this paper we study the nonequilibrium effect on the slow dynamics of

concentrated hard-sphere suspensions near f . Many attempts to understand the

dynamics of colloidal suspensions approaching the glass transition have been made by
employing the mode-coupling theory (MCT) [1, 2] for the dynamics of supercooled
fluids. Hence much of the recent experimental studies [3, 4] of slow relaxation in
colloidal fluids have been designed around the predictions of MCT. Recently, the model
eguations described below have been shown asymptoticaly [5], analyticaly [6] and
numericaly [7] to exhibit a number of the characteristic features of slow relaxation of a

colloidal fluid [8]. These include a divergence of relaxation times at f ; and a two-step

relaxation of the self-intermediate scattering function with time. Although the results
similar to those obtained by MCT have been found, the basic standpointsin two theories
arequitedifferent. First, MCT has been applied to equilibrium systemswhere the average

number density n(x,t) becomes constant n, in space and time, that is,
F (x,t) = (4pa]/3)n(x,t) reachesthe equilibrium volumefractionf =4pa’n,/3, where
a, is the particle radius. On the other hand, the present theory deals with a spatially

inhomogeneous, nonequilibrium system, which obeys the nonlinear deterministic

diffusion equation for F (x,t). Thisis because most experimental measurements near f

are done in quenched metastable fluid states where equilibration of a colloidal fluid is
nearly impossible on laboratory time scales. Secondly, MCT assumes that the density

fluctuations dn(x,t) around n, obey the nonlinear stochastic equations. On the other

hand, the present theory startswith the linear stochastic diffusion equation for the density

fluctuations dn(x,t) around n(x,t). This is because the density fluctuations would be



small compared to the causal part n(x,t) since the glass transition seems not to be a

critical phenomenon. Infact, thereisno correlation length diverging at the glasstransition
point. Hence the glass transition seems to be dynamic in origin in contrast to critical

phenomena. Finaly, MCT contains two parameters, the volume fraction f, and a
microscopic timescalet, which is treated as a free fit parameter. On the other hand, the
present theory contains two parameters, f , and theinitial number density n(x,0), both of

which are fixed by an experiment. The main results reported here are (i) existence of

crossover volume fraction f ,, over which the slow dynamical behavior appears, (ii) three
characteristic stages in the supercooled region f (#f <f , and (iii) slow dynamics of
long-lived, irregularly shaped glassy domains with(x,t) $f ; in the supercooled region.

2. THE MODEL EQUATIONS
The causal motion of colloidal suspensions is described by the local volume

fractionF (x,t). On the other hand, the dynamics of density fluctuations can be measured

by dynamic light scattering through theintermediate scattering function[9] whichisgiven

by the Fourier transform, F(k,t), of the autocorrelation function of the density

fluctuations F(x,t) =<dn(x,t)dn(0,0) >/N, where the angular brackets denote the

average over the canonical ensemble, and N the total number of particles. For scattering

vectors much larger than the maximum positionk,, of the structure factor S(k) = F(k,0),
the scattering function F(k , t) reducesto the self-intermediate scattering function F4(k,t),
where F¢(k,0) = S(k) = 1. Hence we start with the following coupled diffusion equations

already described elsewhere [5]:



%F(x,t):LA[DS(F(x,t))LF(x,t)], (1)

% Fe(k,) =- k*3 Dg(k - q,)F(a,t) @

with the Fourier transform, D4(k,t), of the self-diffusion coefficient

DS(f)(1- 9F (x,t)/32)
[1+(F(x,)D(F)/f ,Do)(L- F(x,t)/f ) %]’

Ds(F (x,0)= ©)

and the conservation law (1/V) 1 dx F(x,t)=f , where D, isthesingle-particlediffusion
coefficient, D(f) the short-time self-diffusion coefficient (see Ref. [10] for details), and

V thetotal volume of the system. Here the factor (9/32) in the numerator of Eq.(3) results

from the coupling between the direct and the short-range hydrodynamic interactions
among particles, while the second singular term in the denominator originates from the
many-body correlations of long-range hydrodynamic interactions between particles[10].
Equation (1) describes a nonequilibrium transitional behavior from a spatially

inhomogeneousiinitial state withF (x,0) to an equilibrium state with F(x, 4)=f, while

Eq.(2) describes a linear relaxation of F¢(k,t) on the nonequilibrium state F (x,t). For

shorttimestnt, = 2p/(k*DY), D4(F) reducesto D(f) since the direct interactions and
the correlations are negligible, while for long timestot, =2p/(k*Dyg), it reduces to the

long-time self-diffusion coefficient Dg(f ) = D4(f) [10]. In Fig. 1 we plot the theoretical

and experimental results for the normalized self-diffusion coefficient, D4/D,, as a

function of the volume fraction f for short and long times. A good agreement is indeed

seen between the theoretical results and the experimental data. Thus, there exists a



crossover from the short-time process described by Dg to the long-time process
described by Dy for intermediate times, where the dynamic singularity,
Ds(F) - (1- F(x,t)/f ;)*, becomesimportant.

3. RESULTS
In order to solve the coupled diffusion equations (1) and (2) self-consistently, we
first fix the values of the two parameters as the initial conditions; the particle volume

fractionf and theinitial local volume fraction F (x,0). To integrate those equations, we

employ the forward Euler difference scheme with the time step 0.01a; / D,, and the lattice

spacing 0.2a, in the volume (128a0)3 of the three dimensional simulation system with

periodic boundary conditions. In order to distinguish the initial states from each other

qualitatively, it is convenient to introduce a state parameter z,, by [7]
z,=1- (1/V)1dx|1- F(x,0)/f]|. 4

This parameter measures how close the initial state of the system is to the equilibrium

state, where 0#z,<1 for a nonequilibrium initial state, and z,=1 for an equilibrium

initial state. Theinitial valueF (x,0) is chosen at each position x from arandom number

with a Gaussian distribution, which is characterized by a mean value 1 and a standard

deviation s, where s is adjusted so asto satisfy Eq.(4) for agiven value z,.

Aswas shown in Refs.[5-7], there arein general three characteristic stagesin the

colloidal fluid forO<f <f . Thefirst is an early stage [E] for tynt#t,, where t, isthe

Brownian relaxation time. The gpatiad inhomogeneities are described by

F(x,t) Texp(- tDIL?)F(x,0), and the density fluctuations obeys the short-time



exponential decay F2(k,t) = exp(- k®Dgt), where the system is occupied by the colloidal
fluid with DZ. The second is an intermediate stage [1] fort,ntnt,, where the dynamical
behavior is complicated because of the singularity of D¢(F). The last is a late stage [L]
for tOt,. F(x,t) becomes homogeneous in space and time, reaching f , and F¢(k,t)
obeys the long-time exponential decay F5(k,t)=exp(- k’D5t), where the system is
occupied by the colloidal fluid with Ds.

In Fig. 2 we show the time evolution of F¢(k,t) a z,=0.5 and 0.8 for
f =0.543, f  (z,,ka,), and 0.571, where f , isthe crossover volume fraction discussed
below. Below f , the scattering function F(k, t) decays quickly to zero, while abovef ,

the shape of F(k,t) becomesvery sensitiveto thevalueof f , forming a shoulder, which

becomes at f, a plateau with the height £(z,) = lim Fg(k,tf =f ) [5-7]. Thus, the

t64

dynamical behavior of the so-called supercooled region (f ,#f <f ) in stage [I] is quite
different from that of the normal regio(0O<f <f ). We discuss this next.

In order to see the crossover behavior in stage [I] more clearly, we next calculate

thelogarithmic derivativesgiven by | :Mlog| f,- Fs(k,t)|/MIogt andj ' =Mj /Mlogt [5-
7]. Then,j ' =0 givestwo timeroots, tbo(f ,Zy,K) and t, (f,z,,k), which revea two fairly
flat regions; ) =b,(f,z,,k) at=t, wheretgntbontb, andj =Db(f,z,,k) at t=t, where
t,nt nt,. Heret, =2p/(k*(D2Ds)''?) indicates a crossover time and becomes singular
ast,—(1- f/f )" near f sincet,-(1- f/f )"* [6]. Then, the crossover volume
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fraction f (z,,k) is determined by the equal root tbo(fb,zo,k):tb(fb,zo,k), or

b,(f,,z,,K)=b(f ,,z,,k), a fixed values of z, and k [11]. With increasing volume
fraction at afixedz,, we thus observe a progression from colloidal fluid (0<f <f,), to
supercooled colloidal fluid (f ,#f <f ), toglass (f $f ;) (seeFig.3). In the supercooled
region, therefore, F.(k,t) obeys two kinds of power-law decays with exponents
b, and b around t, [5-7]. Thus, the intermediate stage further separates into two stages.
Oneisaformation stage [F] fort ntnt,. Asis seenin Fig. 4, the glassy regions where
F(x,t) is larger than f form finite-sized, long-lived, irregularly shaped domains.

Because of these domains, the smoothing process of the spatial inhomogeneities to the
uniform state is slowing down, leading to a structural arrest. Hence the density

fluctuations also undergo a slow relaxation and obey the power-law decay
Cc bO
Falk,)=1L(Z0) - AZo)(t/t,) °, (5)

whereA = [f, - FS(k,tbO)] (t,/ tbo) b". This power-law decay continues up to the crossover

timet,. For t$t,, the shrinkage stage [Sh] starts, where the glassy domains start to

shrink (see Fig. 4). Since the glassy domains disappear very slowly, the relaxation of the
density fluctuations also becomes slow and obeys the so-called von Schweidler decay
Fe' (kD =1i(z0) - B(zo)(t/L,)", (6)

where B, =[f, - Fs(k,tb)](ta/tb)b. The power-law decay continues up to the long time

t., over which the glassy domains disappear. Figure 5 shows schematically the

a’?

characteristic stages in the supercooled region. On the other hand, in stage [I] of the

normal region thereis neither aformation of finite-sized glassy domains nor a power-law



decay. Hence the spatial inhomogeneities become smooth monotonicly, obeying Eq.(1),
while the relaxation gradually changes from the short-time exponential decay F2(k,t) to
the long-time exponential decayF (K, t).

4. CONCLUSION
In conclusion, we have shown that there exists the supercooled region

(f ,#f <f ), inwhich the fluid and irregularly shaped glass phases coexist on the time
scale of order t,(f,k) and the slow dynamics occurs. We emphasize that these all
originate from the dynamic singularity of D(F). Asis seen in Fig. 3, the supercooled
region becomes wide as z,, increases, and f , is expected to coincide with the melting

volume fractionf  ,=0.545 in equilibrium (z,=1). Finally, we should refer to how the
present theory relatesto experiments. By fitting the theoretical plateau height f(z,) with

experimental ones at a given value of k, one can calculate the state parameter z,

theoretically. Hence one can guess how nonequilibrium the experimental system is

initially. Once the value of z,, isfound, one can thus analyze experimental results in terms

of the present theory for different volume fractions. Thiswill be discussed el sewhere.
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Figure Caption:

Figure 1.

Figure 2:

Figure 3.

Figure 4.

Figure 5.

Normalized self-diffusion coefficient, Ds/D,, as a function of volume
fractionf . The dotted line indicates the short-time self diffusion coefficient
D2, and the solid line the long-time self-diffusion coefficient D5. Shown are

also the data from Ref.[12] ), and Ref.[13] (O).

Self intermediate scattering functionF 4 (k, t) versus dimensionlesstime

D,t/ a(z) for different volume fractions (from left to right): 0.543,f , (z,,ka,)
and 0.571 atz,= 0.8 (solid lines) and 0.5 (dotted lines), wheref  (0.8,3.42)
=0.5591 and f (0.5, 3.42)=0.5648. The symbols indicate the time scales;

t, (" ). t, (O), andt, (&).

Schematic phase diagram in thef - z, plane for hard-sphere suspensions.
Thesolid circlesindicatethe crossover volumefractionf , and the dotted line
theglasstransitionvolumefractionf .

Typica configurations, projected onto aplane, of pattern-evol ution processes

af =0.571 andz, = 0.8 in the supercooled regionf , #f <t , for
dimensionlesstimes () 1, (b) 6.35(t,), (c) 10%, (d) 10°, (€) 1279(t,),
() 10*, (g) 10°, (h) 4.4H10°(t,), and (i) 10°. The system sizeis(128a,)?,

and the glassy regions are colored black.

Characteristic stagesin the supercooled regionf | #f <f  atz,=0.8 and
ka, = 3.42. The dot-dashed line indicates the characteristic timet , the solid

linet, , and the dotted linet, .
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